We propose the notion of quantum coherence for superpositions over states which are not necessarily mutually orthogonal. This anticipatedly leads to a resource theory of non-orthogonal coherence. We characterize free states and free operations in this theory, and connect the latter with free operations in the resource theory of quantum coherence for orthogonal bases. We show that the concept of non-orthogonal coherence naturally furnishes us with a wave-particle duality in quantum double-slit experiments where the channels beyond the slits are leaky between them. Furthermore, we demonstrate existence of a unique maximally coherent qubit state corresponding to any given purity. In addition, and in contradistinction with the case of orthogonal bases, there appears a non-trivial minimally coherent qubit state for a given purity. We also study the behavior of quantum coherence for some typical configurations of non-orthogonal bases which have no analogs for orthogonal bases. We further investigate the problem of determining the energy cost of creating non-orthogonal coherence, and find that it scales linearly with the non-orthogonal coherence created.
I. INTRODUCTION
The quantum superposition principle, rendering quantum mechanics distinct from the laws of classical physics, is one of the cornerstones in the development of physics explaining phenomena around us and in laboratories. It is a crucial ingredient in a variety of situations, ranging from Schrödinger's thought experiment, known as Schrödinger's cat [1] , to the interference patterns in a quantum doubleslit experiment. It also leads to the phenomenon of nondistingushibility (i.e. non-discriminability) between pairs of quantum states, which is represented in the mathematical formalism by non-orthogonal states. The existence of nonorthogonal states puts constraints on certain tasks like copying [2] , deleting [3] , and broadcasting [4] of unknown states, which are always possible in a classical world. In the last few decades, with the progress in quantum information, it has been realized that the same linear superposition principle underlying such restrictions forms an essential element for understanding quantum communication and computational tasks [5] [6] [7] [8] [9] , including quantum cryptographic schemes [10] [11] [12] .
Even though the linear superposition principle plays an important role in quantum mechanics, in general, and quantum information, in particular, attempts to systematically quantify the amount of superposition, termed quantum coherence, by using a fixed basis consisting of orthonormal states, have been made rather recently [13] [14] [15] . Since its inception, quantum coherence has been linked with other quantum resources like non-locality [16] [17] [18] , non-markovianity [19] [20] [21] [22] [23] [24] , entanglement [25] [26] [27] [28] [29] [30] [31] [32] [33] , and quantum discord [34] [35] [36] . Quantum coherence has also been shown to help in cooling [37] and work extraction [38, 39] in quantum thermal machines, as well as augmenting quantum algorithms [40] [41] [42] . Studies on the dynamics of coherence range from those in quantum spin models [43, 44] and physical processes in biological systems [45] [46] [47] to accelerated frames [48, 49] and curved spacetime [50] , pointing to the importance of quantum coherence over hugely different energy scales.
Quantification of quantum coherence of arbitrary quantum states has until now been proposed in terms of fixed orthonormal bases. However, there is nothing sacred about orthonormal bases. One can just as well write down a state in terms of a linearly independent basis, which spans the entire Hilbert space, but possibly includes mutually non-orthogonal elements. Indeed, non-orthogonal bases naturally arise in several areas of physics, ranging from coherent states in quantum optics [51] to the Bennett 1992 [12] quantum key distribution protocol.
In this article, we have the following two aims. First, we attempt to construct a resource theory of quantum coherence for arbitrary bases by relaxing the restriction of orthogonality. As in any resource theory, we define the free states and free operations in this scenario. This is related to the similar concepts in the resource theory of quantum coherence for orthonormal bases [52] [53] [54] . We then introduce a distance-based measure of non-orthogonal coherence. Second, we use this concept to obtain a wave-particle-type relation, in a quantum double-slit experiment with leaky post-slit channels, between the nonorthogonal coherence in the basis of the leaky channels and distinguishability of the detector states. As further results, we find that in the case of qubits, and using a trace distancebased non-orthogonal coherence measure, there is a unique maximally coherent state corresponding to any fixed nonorthogonal basis among states with a fixed amount of mixedness. This uniqueness is in sharp contrast to the usual family of maximally coherent mixed states for orthonormal bases [55] . We also demonstrate a trade-off between distance-based non-orthogonal quantum coherence measures and mixedness, the latter being quantified by linear or von Neumann entropy. Rather interestingly, and unlike the situation for orthonormal bases, we also witness the possible existence of states having non-zero minimal non-orthogonal coherence for a given mixedness. Furthermore, we obtain lower and upper bounds on the sums of coherences with respect to different choices of non-orthogonal bases, including the ones that have no analogs in the orthonormal-bases scenario. Moreover, we find that the energy cost [56] of generating non-orthogonal coherence is directly proportional to the non-orthogonal coherence created in the process.
The article is organized as follows. In Sec. II, we define arXiv:1705.04343v3 [quant-ph] 10 Jun 2019 free states, free operations, and non-orthogonal quantum coherence measures. Sec. III is devoted to the derivations of non-orthogonal maximally and minimally coherent states for arbitrary bases. The double-slit set-up and the corresponding duality is considered in Sec. IV. A complementarity relation between non-orthogonal coherence and mixedness is provided in Sec. V. We also derive a non-trivial bound on the difference between mixedness and non-orthogonal coherence in the same section. In Sec. VI, we find lower and upper bounds on the total non-orthogonal coherence with respect to more than one arbitrary bases arranged in specific configurations. We discuss the energy cost of generating non-orthogonal coherence in Sec. VII. We present a conclusion in Sec. VIII.
II. FREE STATES AND OPERATIONS
The formulation of a resource theory begins with the description of free states and free operations. We begin by introducing the free states in the resource theory of coherence for an arbitrary (possibly non-orthogonal) choice of basis. We refer to the free states as non-orthogonal incoherent states (NOIS), and define them as follows:
is an arbitrary basis (normalized but not necessarily mutually orthogonal) spanning the d-dimensional complex Hilbert space C d , then the family of states on C d of the form χ = i p i |a i a i | will be called non-orthogonal incoherent states (NOIS) for that basis, with p i being a probability distribution. Suppose now that in the definition of χ, we allow the {p i } to be a collection of complex numbers. The {|a i } is still required to be a collection of linearly independent normalized vectors, and we also want χ to be a density matrix. One can then show that among all collections of complex numbers {p i }, only probability distributions are allowed. The proof of this fact is as follows. Since {|a i } are linearly independent in C d , the projectors {|a i a i |} are linearly independent in the space of bounded operators on C d . Then the hermiticity of χ implies p * i = p i , so that p i 's are real. The mixing weights {p i } must now be positive and have unit sum to keep χ within the space of density operators. Specializing to the case of a qubit (d = 2), the NOIS are states on the straight line joining the two points on the surface of the Bloch sphere which represent the basis vectors. For a given basis, the non-NOIS form the "non-free" or "resourceful" states in this resource theory.
Free operations are those quantum operations by which no resource is created. For the resource theory of entanglement, these include the familiar local quantum operations and classical communication. For the resource theory of quantum coherence, these are the incoherent operations. We define our free operation as a generalization of the maximally incoherent operations (MIO), the largest class of incoherent operations known [57, 58] . We term them as non-orthogonal maximally incoherent operations (NOMIO) and define them as follows.
Definition: A quantum operation Λ is said to be a nonorthogonal maximally incoherent operation (NOMIO) if it takes every NOIS to another NOIS.
It is natural to seek the connection between NOMIO and MIO. In the succeeding subsection, we show that a MIO sandwiched between two operations, each of which is what we will term as a basis changing (BC) operation, can be a NOMIO.
A. Characterization of NOMIO
For two different orthonormal bases in a given state space, it is always possible to go from one to the other via a suitably chosen unitary operation. However, since unitary operations preserve the inner product between basis vectors, it is not possible to construct a unitary operation U, on a single system, which maps an orthonormal basis {|b i } to a normalized but non-orthogonal linearly independent basis {|b i }, that can be called the target basis. (By a non-orthogonal set of vectors, we will mean that at least one pair of vectors from the set is non-orthogonal.) If the magnitudes of inner products between all pairs of initial basis vectors are less than those between the corresponding pairs among the vectors in the target basis, we can overcome this difficulty, deterministically, by adding an auxiliary system (say, A) to the system denoted by S and performing a joint unitary operation on them followed by tracing out of the auxiliary system. Such a representation would imply that the corresponding operation is physical. An explicit example of such operations is discussed later. We call such operations forward BC operations.
Definition: Suppose that there are two bases B = {|b i } and C = {|c i }, both containing normalized but not necessarily mutually orthogonal vectors, satisfying the condition
where the global unitary U [59] is chosen such that
It is easy to see that the inverse operation, that is, decreasing the inner product between bases cannot be carried out deterministically. Otherwise, one could take non-orthogonal basis vectors and perfectly distinguish their states by simply mapping this basis to an orthogonal basis. However, it is still possible to perform this operation, termed hereafter as the reverse BC operation and denoted asL C→B , probabilistically, by using the unitary reduction map, similar e.g., to the technique used in probabilistic cloning machines [60] [61] [62] . The unitaryreduction procedure, in the present case, will be as follows. We will begin by implementing the unitary that transforms |c i S |0 A to a i |b i S |e i A + b i |Φ i S A , with the requirement that the span of the {|e i } is orthogonal to the union of the supports of {tr S (|Φ i Φ i |) S A }. We then perform a measurement in the auxiliary system A that distinguishes between these orthogonal portions of the auxiliary Hilbert space, choose only the instances when the result of the measurement is onto the span of the {|e i }, and then trace out the auxiliary part. Suppose now that we are interested in formulating a NOMIO for a non-orthogonal basis C = {|c i } in terms of some MIOΛ B for the choice of usual computational basis B = {|i }. There is no loss of generality, since any orthonormal basis can be reached from the basis, B, via a unitary map. Clearly, the map from basis C to B is a reverse BC operation and the map from B to C is a forward BC operation.
Proposition I: The probabilistic quantum map Λ = L B→C • Λ B •L C→B is a NOMIO for the basis C.
Proof -Suppose that an arbitrary NOIS for the basis C is chosen as
This state is easily seen to be another NOIS, thus proving the proposition. Here we have used the linearity of quantum operations as well as the MIO property of the mapΛ B .
It is to be noted in this context that if the bases B and C are both orthonormal, then they are related through a unitary transformation and thus L B→C simply equalsL † C→B and the reverse BC operation is also deterministic.
We also note here the case when the unitary-reduction map corresponding to the implementation ofL C→B leads to a failure (measurement in the auxiliary part collapses to the union of the supports of {tr S (|Φ i Φ i |) S A }), Proposition I does not indicate whether or not a "cost" for the corresponding instances have occurred. If we do not wish to take into account the corresponding cost, the auxiliary required for the unambiguous distinguishing process and the state produced in case of a failure of the process can be declared as free states.
B. Explicit example of a qubit forward BC operation
Let us illustrate an example of a forward BC operation for a qubit system. The task is to transform the usual computational basis states B = {|0 S , |1 S } to the non-orthogonal basis
We first add an auxiliary qubit |0 A and perform the following operations in sequence. 2. Now apply the swap gate which takes |0 S |0 A −→ |0 S |0 A and |1 S |+ A −→ |+ S |1 A .
Execute a controlled Hadamard gate which takes
3. Finally, trace out the auxiliary part.
In this way, using global unitary operations on the systemauxiliary pair, the orthogonal basis B can be changed to the non-orthogonal basis C in the system. This implies that the required operation to change the basis is physically implementable.
C. Towards non-orthogonal incoherent operations
Maximally incoherent operations form the largest set of free operations in the resource theory of coherence. A more restricted class of free operations which play an important role in the resource theory of quantum coherence are the incoherent operations (IO) [14] .
In analogy with IO, we define a non-orthogonal incoherent operation (NIO) as any channel Λ NIO with Kraus operators
∈ {χ} ∀χ ∈ {χ}, with {χ} being the set of NOIS.
D. Quantification of non-orthogonal coherence in qubit systems
Formulation of free states and operations sets the stage for any resource theory. An immediate next step is to quantify the amount of resource a state possesses. Towards this aim, we propose the following geometric measure of non-orthogonal coherence.
Definition: For any quantum state ρ, a bona fide measure of non-orthogonal coherence C NO is given by
where D is a suitable contractive distance measure and the minimization is over all NOIS for that particular basis. Confining ourselves to the qubit scenario and the usual Bloch sphere representation, we note that if we take this distance measure as the trace distance, it corresponds to the Euclidean distance for the Bloch sphere. Since trace distance was shown to be a valid coherence measure for qubits in the case of orthonormal bases [64] , we choose our bona fide nonorthogonal coherence measure in terms of the trace distance as
In the Bloch sphere representation, it corresponds to the shortest distance of a point from the line joining the non-orthogonal basis vectors. Let us now enumerate the necessary requirements that we intuitively expect such a coherence measure C NO to satisfy.
(P1) C NO (χ) = 0 for any NOIS χ, and positive otherwise.
(P2) C NO (Λ NIO (ρ)) ≤ C NO (ρ) for any state ρ, and an arbitrary Λ NIO .
The properties of any contractive distance measure guarantees the fulfillment of (P1) and (P2). Other non-orthogonal coherence measures can also be obtained by using the Renyi or Tsallis family of relative entropies [65, 66] , although we remember that relative entropy -based distance measures do not satisfy the symmetry property and the triangle inequality. 
III. MAXIMALLY COHERENT STATES FOR NON-ORTHOGONAL BASIS
In this section, we search for states which possess the maximal amount of non-orthogonal coherence. In case of the resource theories of coherence and entanglement, there exists a family of infinitely many maximally resourceful states interconnected via unitaries. However, as we show below, this is no more true for coherence measures based on a nonorthogonal basis.
We will call a state as maximally coherent for a given dimension if C NO trace attains the maximal value for that state for that dimension.
Proposition II: If {|b 1 , |b 2 } constitute a non-orthogonal basis, then in this basis, the measure based on the trace norm, C NO trace , is maximized for a unique pure state given by |m m| = 1+cos α cos α
, where 2α is the angle subtended at the origin by the points on the Bloch sphere that represent |b 1 and |b 2 , and where I is the identity operator on the qubit Hilbert space.
Proof -Consider the pure state |m m| on the line joining the center of the Bloch sphere and the midpoint of the line joining the basis vectors (see Fig. 1 ). It can be easily shown that of all the point in the Bloch sphere, |m is the farthest from the line joining |b 1 and |b 2 in terms of the usual Euclidean distance. Since the trace distance formula reduces to the Euclidean distance in case of Bloch spheres representing qubit states, |m is indeed the maximally coherent state with respect to the non-orthogonal basis.
A pictorial representation of the maximally coherent state is given in Fig. 1 . In Table I , we provide a comparison between a few well-known resource theories in the quantum world in terms of their respective free states and maximally resourceful states. [67] , coherence [68] , and thermodynamics [69, 70] with the resource theory of non-orthogonal coherence in terms of the number of free and maximally resourceful states allowed.
IV. LEAKY QUANTUM DOUBLE-SLIT SET-UP AND A COMPLEMENTARITY
In this section, we will use the proposed measure of nonorthogonal coherence to uncover a wave-particle-like complementarity, in a leaky quantum two-slit set-up armed with partial detectors, between coherence of the state that reaches the screen and the path-distinguishability obtained via the detectors. More precisely, we consider the set-up of the usual double-slit experiment [71] , with the states immediately after the two slits, "upper" and "lower", being denoted by |0 and |1 , respectively. However, the channels carrying the two states are, in our case, "leaky", and the state of one is affected by the other. This is schematically described in Fig.  2 . We model the "leak" by inserting a device, M, close to the upper slit. The device M lets the state of that channel to go through with probability R, while leaking it into the other channel with the remaining probability. We also insert a phase shifter (not shown in the schematic diagram) in the diverted channel to annihilate the effect of the accumulated phase due to the extra path traversed in the diverted channel. The entire process is, for simplicity, assumed to be coherent, and in particular, the environment does not additionally disturb the process. However, by continuity, the results obtained will remain near-optimal even for weak environmental noise. Note that the mathematics of the process is equivalent to a Mach-Zehnder interferometric set-up with similar leaky channels. Right after the device M, and still close to the slits, we put probes ("detectors") D 0 and D ψ represented by states |d 0 and |d ψ respectively, to obtain (partial) information about which slit the quantum state came out of. Just after the device M and the phase shifter, but before the detectors are inserted, the quantum state of the system would be (α
, where the input state is α|0 + β|1 , α and β being arbitrary complex numbers with |α| 2 + |β| 2 = 1. The state |ψ is the quantum state of the channel from the lower slit, just after the diverted channel joins it. The joining point is denoted in the figure as a "beam merger" (BM).
After insertion of the detectors (i.e., after the system and the detectors have interacted), which is followed by a unitaryreduction process (see below), the state of the joint quantum A source emits a quantum system Q that goes through two slits. The leak, between the beams from the two slits, is modelled by a device M that lets the incoming beam pass with a certain probability, and coherently diverts to the other beam with the remaining probability. A phase shifter (not shown in the diagram) is inserted in the diverted channel to compensate for the accumulated phase due to the extra path travelled by that beam. To extract a partial knowledge about the particle nature of the system Q, a unitary-reduction process is effected, and is denoted by the devices D 0 and D ψ . See text for further details.
system, consisting of the system that passes through the slits (call it Q) and that of the detectors (call it D), can be represented as |Ψ QD = (α
. (The detector states are not necessarily orthogonal.) This is to be compared with the "quantondetector" state in the landmark paper of Englert [72] (see also [73] [74] [75] [76] [77] [78] ), which considered the same experiment, but without the device M (and the corresponding phase shifter). Note that the insertion of the detectors in the current set-up requires a unitary-reduction process (see e.g. [79] , [60] ), in contrast to the unitary process in [72] . The unitary-reduction process by which the probes in system D interact with the system Q works as follows: It begins with a unitary process that executes the transformation, given by
The states |Ψ and |Ψ are so chosen that inner product on the left-and right-hand sides coincide. Moreover, we also ensure that the span of {|0 |d 0 , |ψ |d ψ } is orthogonal to that of {|Ψ , |Ψ }. Here, q is a probability that is maximized under the constraints of unitarity and orthogonality of the spans. The unitary interaction is followed by a measurement distinguishing between these two spans, and we choose only those instances when the joint system is projected onto the span of {|0 |d 0 , |ψ |d ψ }. The local density matrix of the system Q is given by Q = tr D (|Ψ Ψ|) QD , and we consider its coherence C NO trace ( Q ) in the non-orthogonal basis {|0 , |ψ }. Let |m denote the state which possesses the maximal C NO trace for the nonorthogonal basis {|0 , |ψ }. The normalized non-orthogonal coherence, C = C NO trace ( Q )/C NO trace (|m ), is identified as the residual wave nature present in the system Q, even after its interaction with the detectors. From the state of the other half of the QD system, we can quantify the particle nature extracted from the system Q by using the probes. Tracing out the system Q, we obtain D = tr Q (|Ψ Ψ|) QD , which we phase damp in the (non-orthogonal) basis {|d 0 , |d ψ } to obtain
To phase damp in the non-orthogonal basis, {|d 0 , |d ψ }, we begin by performing a positive operator valued measurement with the elements
The real number c is chosen to be the maximal positive number so that A ? is positive semi-definite. This is exactly the same measurement required for unambiguous discrimination of two non-orthogonal states [80] [81] [82] [83] [84] [85] [86] , required, e.g., for the Bennett 1992 quantum cryptography protocol [12] . For an input ρ to this measurement, we post-select the results that does not click in A ? , and also forget the distinction between the instances when the other two have clicked, so that the (unnormalized) output, within the von NeumannLüders postulate [59] , is A 
The maximal probability for unambiguous discrimination between the non-orthogonal states |d 0 and |d ψ , generated with probabilities |α| 2 R and 1 − |α| 2 R respectively, is given by [80] [81] [82] [83] [84] [85] [86] 
The quantity D describes the particle nature that has been extracted from the system Q by using the detectors.
The normalized non-orthogonal coherence, C, as well as the maximal probability for unambiguous distinguishability, D, are individually bounded above by unity. However, by Haar uniformly generating 10 6 points in the particle-detector parameter space, we find that the sum of C and D, maximized over all these 10 6 points remains at unity, independent of the leakage amount:
Note that the above bound is R-independent. See Fig. 3 . Note also that R = 1 implies that the device D is absent from the set-up, in which case, our results reproduce a bound obtained in Ref. [78] .
V. NON-ORTHOGONAL COHERENCE VS. MIXEDNESS
The concept of maximally resourceful mixed states, i.e., the states possessing maximal amount of a resource given a certain mixedness, have been introduced in resource theories of entanglement and coherence, known respectively as maximally entangled mixed states (MEMS) [87] and maximally coherent mixed states (MCMS) [55] . In each of these cases, the MEMS or the MCMS are an infinite set for a given mixedness. However, from Fig.1 , it is easy to see that this is again not the case for quantum coherence in a non-orthogonal basis in the qubit scenario. The radial distance of a point inside the Bloch sphere from the origin is a measure of purity of the state represented by that point. The complement to this measure of purity, known as the linear entropy measure of mixedness, is clearly equal on all points lying on the surface of a sphere concentric to the Bloch sphere and of radius 0 < r ≤ 1. Thus we can parametrize all points lying on the surface of this sphere as having the same amount of mixedness. Now it can be shown, just like the pure state case, that the state on this sphere which is on the extended straight line joining the origin and the midpoint of the line segment between the basis vectors, is the one with maximal non-orthogonal coherence. This state may be written as ρ max = r+cos α cos α
where r is the radius of this sphere, and α is defined as in the enunciation of Proposition II. Now, since we can take 1 − r as a measure of mixedness M, we note that the maximally resourceful state ρ max has non-orthogonal coherence C NO trace (ρ max ) = r + cos α = 1 + cos α − M(ρ max ). Therefore, for an arbitrary state ρ with mixedness M, we have C NO trace (ρ) ≤ r + cos α = 1 + cos α − M(ρ), which leads to the complementarity relation
for all quantum states ρ. The corresponding inequality in the case of an orthogonal basis was given in [55] . However, it can be shown that mixed states with a fixed amount of purity, parametrized by the spherical surface with Bloch radius r, if r is less than a purity threshold r = cos α,
cannot be incoherent, as the spherical surface then does not intersect the line of incoherent states. In other words, we have the following "no-go"-like result. Proposition III: For any pair of non-orthogonal basis vectors of a qubit that has an inner product cos α, there are no mixed states, ρ, that are incoherent if Tr(ρ 2 ) < 1 2 (1 + cos 2 α). The antipodal point to the non-orthogonal MCMS (NOM-CMS) possesses the minimum trace distance-based coherence C NO trace = cos α − r among all states having the same purity r <r. This state may thus be called the unique nonorthogonal minimally coherent mixed states (NOMinCMS) and consequently for an arbitrary state ρ, we have
which gives an additional relation between mixedness and non-orthogonal coherence measure, which is trivial for quantum coherence with orthogonal bases:
This relation shows us how the possibility of defining quantum coherence with respect to a non-orthogonal basis leads us to qualitatively different scenarios and results compared to the case of orthonormal bases. It is natural to wonder whether we can generalize these notions of NOMCMS and NOMinCMS to arbitrary distance measures in (3). In particular, taking relative entropy as the distance measure, we numerically investigate the connection between the non-orthogonal coherence measure C NO rel and the corresponding measure of mixedness, which in this case can be quantified by the von Neumann entropy, S (ρ), of the state ρ. Specifically, we analyze C NO rel (ρ) for a fixed S (ρ) where ρ is generated Haar uniformly. We again observe the existence of non-trivial upper and lower bounds on the non-orthogonal coherence for a given mixedness. It is clear from Fig. 4 , that the connection between C NO rel (ρ) and S (ρ) depends on the inner product between the basis vectors. We also notice the existence of a purity threshold beyond which there exists nontrivial minimally coherent mixed states. This threshold, as in the case of trace distance-based non-orthogonal coherence measure C NO trace (ρ), is lowered as the angle between the basis vectors decreases.
VI. NON-ORTHOGONAL COHERENCE IN MORE THAN ONE BASIS
In case of orthogonal qubit bases, basis vectors always lie at antipodal points of the Bloch sphere. This constraint is absent for non-orthogonal bases. Thus we can investigate the behavior of non-orthogonal coherence for some possible configurations of non-orthogonal bases which have no analogs for orthogonal bases. We study below the behavior of quantum coherence in non-orthogonal bases for two such configurations.
While it is true that there is usually a single natural basis in a given experimental set-up, quantum mechanics treats all bases with equal "weightage". This has led researchers to define coherence for a randomly-chosen basis. Motivation for doing so includes the expectation that there can be experimental setups where there are more than one natural bases. See e.g. [88, 89] . With respect to the experimental set-up considered in this paper, different non-orthogonal bases can appear by changing the character of the "device" just after the slits on the upper beam in Fig. 2 , although it is clear that for a given configuration of the said device, we are dealing with a single non-orthogonal basis.
A. Mutually orthogonal bases
Let us begin with the following scenario. Two nonorthogonal bases are chosen in such a way that the basis vectors of one basis are perpendicular to the basis vectors of the other. In this case, we call one of the bases as being mutually orthogonal to the other. More concretely, let us choose the basis K 1 as the set {|0 , |ψ } and K 2 as {|1 , |ψ ⊥ } with |ψ being represented by angles (θ 0 , φ 0 ) on the Bloch sphere and |ψ ⊥ being its antipodal point. Without loss of generality, we can take φ 0 = 0. In this case, the following bound on the sum of non-orthogonal coherences, using the trace distance measure, are obtained.
Proposition IV:
The sums of trace distance-based coherences with respect to two mutually orthogonal bases for any qubit state ρ with Bloch sphere representation (r, θ, φ) satisfies
where "K 1 " and "K 2 " in superscripts are intended to indicate the non-orthogonal basis with respect to which the nonorthogonal coherence is calculated. The relations are valid for all (r, θ, φ) and 2α is the angle subtended at the origin by the elements of any of the bases. Proof: The trace distance-based coherence of the state of a qubit with respect to a particular non-orthogonal basis, is equal, in the Bloch sphere representation, to the shortest Euclidean distance of that state from the straight line segment joining the two basis vectors constituting that non-orthogonal basis. The limiting values of (r, θ, φ), for which it will be possible to draw a perpendicular on the line segment joining {|0 , |ψ } and that joining {|1 , |ψ ⊥ }, are given by r sin θ cos φ cos α ± r cos θ sin α ≤ sin α
However, irrespective of whether these relations are satisfied, the triangle inequality for the Euclidean norm implies that the sum of the coherences is greater than or equal to the distance between the lines representing the bases K 1 an K 2 . This distance is 2 cos α, remembering that 0 < α < π/2, in non-trivial cases.
Remark. For states ρ that fall outside the region defined by inequalities in Eq. (11), the coherence, C NO(K 1 ) trace is the shorter of the distances to the states |0 and |ψ . Similarly, for C NO(K 2 ) trace .
B. Cyclic bases
We now move to a scenario where different non-orthogonal bases, {K i }, are arranged in such a way that the corresponding basis vectors lie on a great circle and form the vertices of a regular polygon. These bases can be called cyclic bases. If this polygon is an equilateral triangle, as in Fig. 5 , then the sum of squared non-orthogonal coherences follows the relation in the proposition below.
Proposition V: For the cyclic bases K 1 , K 2 , K 3 forming the vertices of an equilateral triangle, the sum of squared trace distance-based coherences for any qubit state with Bloch sphere representation (r, θ, φ) satisfies
Proof-For any quantum bit represented by the point (r, θ.φ) in the Bloch sphere, we find that the sum of squared trace distance-based coherences is exactly equal to the following expression for r ≤ 1 2 , and lower bounded by it otherwise:
A (0,0,1) 
on the great circle along the xz plane.
It can be shown that the minimum with respect to {θ, φ} of the above quantity is Let us now consider four non-orthogonal bases lying on a great circle and forming a square as shown in Fig. 6 . In this case, we have the following proposition, which can be proved in exactly the same way as before.
Proposition VI: For the cyclic bases K 1 , K 2 , K 3 , K 4 forming the vertices of a square, the sum of squared trace distancebased coherences for any qubit state with Bloch sphere representation (r, θ, φ) satisfies
For a given set of bases, we can define the "total nonorthogonal coherence" as the sum over the non-orthogonal coherences in those bases. From the relations in propositions V and VI, we note that for any fixed purity r, and for a given set of bases, along with having a state with the maximum amount of total non-orthogonal coherence, there also exists states with a non-trivial minimum amount of total non-orthogonal coherence. While the former may be seen as a generalization of MCMS to the case of non-orthogonal bases, the latter is interesting in its own right and the states saturating the lower bounds in propositions V and VI may be identified as generalizations of non-orthogonal minimally coherent mixed states discussed in the previous section, although in this case, there is no purity thresholdr, which was required for the existence of NOMinCMS . We note that the states with minimum and maximum total non-orthogonal coherence do actually exist.
Generalizing to a regular polygon having N different bases, N → ∞ corresponds to the situation where each point on a certain great circle is a non-orthogonal basis (in the limiting sense). It may be verified that every point on the plane corresponding to this great circle has a total non-orthogonal coherence that depends only on the purity.
VII. ENERGY COST OF BASIS-CHANGING OPERATIONS AND ITS RELATION TO NON-ORTHOGONAL COHERENCE
In this section, we find the energy cost of a basis-changing operation from an energy eigenbasis to a non-orthogonal basis. The non-orthogonal basis is chosen so that the thermal state (whose eigenbasis is just the energy eigenbasis) is maximally coherent in that basis, among all states of the same purity as that of the thermal state. We then find the relation of this energy cost with the non-orthogonal coherence of the thermal state (before the basis-changing operation).
Suppose we have a qubit thermal state ρ
Z , diagonal in the computational basis. The computational basis is taken here as the energy eigenbasis. Here, β = T is a non-orthogonal MCMS. α is the inner product angle between the basis vectors of this basis. ρ T is a MCMS for any basis formed by vectors at two radially opposite points of the green disc.
plementation of the relevant BC operation. As discussed before, transforming an orthogonal basis into a non-orthogonal one in a system (S) necessarily requires an auxiliary system (A). If we denote the corresponding unitary by U S A , its action is given by
A possible mechanism to implement this unitary when we are allowed to perform only controlled unitary operations and the swap operation, is as follows. (It is easy to see that the phase φ has no consequence in the considerations below, and is therefore dropped.)
1. Controlled unitary -We apply a controlled unitary gate, U CU , on the system and auxiliary which keeps the joint state |0 S ⊗ |b 1 A invariant and transforms the joint state |1 S ⊗ |b 1 A into |1 S ⊗ U|b 1 A = |1 S ⊗ |b 2 A where U is a single qubit rotation matrix which takes |b 1 into |b 2 .
2. Swap -We swap the system and the auxiliary qubits.
The total effect of these steps is the application of the global unitary U S A .
We may now identify the energy cost of the change in basis with the change in energy of SA, and it is given by
where H S is the Hamiltonian of the system, with its two energy levels being |0 and |1 . We have assumed here that the auxiliary system is initially in the state |b 1 . The trace distance-based non-orthogonal coherence in the {|b 1 , |b 2 } basis of the thermal state is given by
with r, i.e. the Bloch radius, being a measure of purity of the thermal state, ρ T . This non-orthogonal coherence may be interpreted as the coherence generated by the unitary operator U S A .
Explicitly calculating the energy cost with the system Hamiltonian, H S = E 1 |1 1|, being that of a two level system, with energy levels 0 and E 1 > 0, yields
Putting in the expression of non-orthogonal trace distancebased coherence C NO trace , we obtain the relation
The relation (18) reveals that the energy cost of nonorthogonal coherence is linearly proportional to the nonorthogonal coherence created.
VIII. CONCLUSION
In summary, we have proposed a resource theory of coherence, based on a fixed non-orthogonal basis, and have introduced corresponding states and operations which do not incur a cost in this theory. The free operations in this theory are connected with the same in the resource theory of coherence with orthonormal bases. We also find a linear relation between the energy cost of generating non-orthogonal coherence and nonorthogonal coherence created.
There are several aspects of the resource theory of nonorthogonal quantum coherence that are devoid of analogs in the case of orthonormal bases. In particular, there is a unique maximally coherent qubit state for a given non-orthogonal basis. The resource theory of coherence for orthonormal bases allows for an infinite number of maximally resourceful states. Perhaps more strikingly, there is a minimal nonorthogonal coherence that all qubit states must have for any non-orthogonal basis, provided their purity is sufficiently low. This naturally led us to obtain tight bounds on the sum and difference of non-orthogonal coherence and purity for arbitrary qubit states. For multiple families of non-orthogonal basesfamilies without counterparts in the scenario of orthonormal bases -we find strong constraints on the sum of squares of the non-orthogonal coherences corresponding to the bases belonging to the families.
We believe that the results obtained will be important for fundamental as well as applicational aspects of quantum information. In particular, we uncover a wave-particle-type duality as seen in a complementarity between the non-orthogonal quantum coherence and which-path information in a quantum double-slit set-up with a leak. The same relation also holds in a leaky Mach-Zehnder interferometric set-up.
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Note added-After completion of the work in this manuscript, we were made aware of a parallel work by Theurer et al. [90] , also containing the concept of nonorthogonal coherence. The main result of our manuscript, however, is to identify a wave-particle complementarity relation between non-orthogonal coherence and pathdistinguishability in a realistic (including "leaks" in the setup) quantum interference set-up. The relation holds word-forword also in a realistic Mach-Zehnder interferometric set-up. The wave-particle duality is an important trait of quantum mechanics and has been seen from several perspectives. The majority of these applications are however for ideal non-leaky set-ups. Even though there have been sustained improvements in checking the relations in experiments, the set-ups are almost always non-ideal. We show that the concept of non-orthogonal coherence naturally furnishes us with a waveparticle duality in quantum double-slit experiments where the channels beyond the slits are leaky between them. This provides an operational meaning to non-orthogonal coherence in a realistic set-up. The approach by Theurer et al. [90] has a large coverage of facts on non-orthogonal coherence. However, our manuscript contains independent results on the energy cost of creating non-orthogonal coherence, and moreover, results highlighting the importance of the latter on experimental interferometric setups.
